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Impulsive motion of an infinite plate in a compressible
fluid with non-uniform external flow

By S. C. TRAUGOTT

Space Systems Division, Martin Marietta Corporation, Baltimore, Maryland

(Received 8 February 1962)

The impulsive movement of a plate (Rayleigh problem) is considered for a com-
pressible flow in which, prior to initiation of the motion, both velocity and
enthalpy gradients exist normal to the plate. The solution is valid for large times,
and the external gradients are chosen of such magnitude that their effects enter
to the same order as displacement effects due to induced vertical velocity. This
displacement effect is influenced by the external enthalpy gradient. Both in-
sulated wall and a step change in wall enthalpy are considered. For the insulated
wall it is found that the part of the displacement solution which is uninfluenced
by the external gradient requires a term in the logarithm of Reynolds number
(based on time). This differs in principle from the case for a constant wall en-
thalpy. Displacement with uniform outside flow affects heat transfer but not
skin friction, just the opposite from the corresponding results for the steady
two-dimensional semi-infinite flat plate. The influence of external gradients on
skin friction, heat transfer and adiabatic wall enthalpy is given.

1. Introduction

Boundary-layer flows in which the flow external to the boundary layer is
rotational have been studied extensively in recent years, both at the stagnation
point and for the flat plate. The impetus for these studies has come both from
practical considerations of hypersonic flow about blunt bodies with curved,
detached shocks, and from the fact that the problem appears at first to be much
simpler than it actually is. A comprehensive study of vorticity interaction as
one of several second-order effects for incompressible flow including a perspec-
tive of the quite controversial literature can be found in Van Dyke (1960), which
emphasizes the necessity of accounting properly for the mutual interaction
between inside and outside flows.

External vorticity generated by a hypersonic curved shock implies entropy,
and therefore also temperature, gradients normal to the body surface. Near a
blunt nose, where the local Mach number is small, this temperature variation is
not important. However, there can exist regions further downstream where an
external temperature gradient is important for boundary-layer development.
On a cylindrical or conical afterbody, locations can be found where the external
temperature gradient is as large, relative to the thermal boundary-layer tem-
perature gradient, as the external velocity gradient relative to the momentum
boundary-layer velocity gradient. Since on the after-body the streamwise



Impulsive motion of an infinite plate 401

pressure gradient may be relatively small, this focuses attention on the com-
pressible flat-plate boundary layer with non-vanishing shear and heat transfer
in the outer flow.

A number of studies of compressible vorticity interaction either ignore or
fail to account properly for the interaction of inside and outside flow (Li 1955;
Rogers 1961; Ferri, Zakkay & Ting 1961; and Ovchinnikov 1960). A matched
inner and outer expansion method for compressible flow is described by Van
Dyke (1961) in a generalization of his incompressible analysis with application
to the nose of a blunt body. Maslen (1962) discusses the same problem and presents
solutions for stagnation point, cylinder and flat plate. The procedure, however,
becomes quite complicated in general and even in the case of the flat platerecourse
to numerical integration becomes necessary.

In the present study, the effects of external velocity and temperature gradients
in a viscous, compressible fluid are considered for the much simpler but related
problem of the infinite, impulsively moved flat plate (Rayleigh problem). The
Rayleigh problem in compressible flow resembles boundary-layer flow more
closely than in incompressible flow since a velocity component normal to the
plate exists through density variations. Thus coupling between inner and outer
flow can exist. For the present problem, it is found possible to integrate readily
the equations and thus to easily explore various features of the interaction,
provided suitable restrictions are placed on the magnitude of the external
gradients.

The impulsively moved compressible Rayleigh plate problem with uniform
outside flow has been extensively investigated using two alternate approaches.
First, the problem has been linearized with the assumption of small Mach num-
ber. This approach was followed by Howarth (1951) and later Hanin (1960)
who obtained solutions for both large and small values of time elapsed from
initiation of the motion. This method is not of interest here due to its small
Mach-number restriction. Alternately, solutions restricted to large time only
have been obtained by following a ‘boundary-layer’ approach treating separately
and then matching inner and outer flows. This approach was taken by Van Dyke
(1952) and later Stewartson (1955). The work of Stewartson has recently been
generalized by Li (1960) to include the effect of surface mass transfer. All these
studies consider only the insulated wall. These large-time solutions have an
analogue in the leading-edge shock-wave boundary-layer interaction on a semi-
infinite flat plate, and just as in that problem, it is important to distinguish here
between strong a weak interaction. In weak interaction theory the interaction
only modifies slightly a basic flow, and the time considered is larger than that
for strong interaction. The work of Van Dyke (1952) deals with weak interaction,
that of Stewartson (1955) and Li (1960) with strong interaction.

Since in the present study the effects of the external gradients are taken to
be small, the approach of Van Dyke (1952) is followed throughout, modified to
include external gradients and wall heat transfer with constant wall temperature.
It is found that the case of the insulated wall and the constant-wall-temperature
case are basically different, in that a term in the logarithm of the Reynolds
number appears in the insulated wall problem but not the other. Further, the
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solution to the former case cannot be completely determined. The present
insulated results differ considerably from those of Van Dyke (1952) through the
omission there of certain critical terms.§

2. Definition of problem

A flat plate of infinite extent in x moves in its own plane (see figure 1). This
motion accelerates fluid in the z-direction to velocity « at distance y measured
normal to the plate. The density p varies through heating by viscous dissipation
and this induces a velocity v perpendicular to the plate. The motion depends
on time ¢, having been initiated at ¢ = 0 by impulsive acceleration of the plate
from rest to constant velocity U,

‘o Ty

Frcure 1. Enthalpy and velocity profiles; —.—, initial steady values.

Prior to initiation of the motion, a y-dependent but steady enthalpy ¢, and
velocity w, parallel to the plate exist.] At the surface of the plate, the enthalpy
¢ is constant at 1, as long as the plate is at rest. After initiation of the motion, the
surface enthalpy becomes i, considered for the present to be constant.

With viscosity x4 and pressure p, and assuming a Prandtl number of unity, the

equations of motion are op o
o ey P =0, (1)
o) TG A

Following Van Dyke (1952) the perpendicular co-ordinate y is transformed by
a Howarth transformation. In terms of new variables

v

p

Yzj Zdy, T=t,
opoy

t The suggestion that a logarithmic term in Reynolds number becomes necessary when
the missing terms are restored is due to Professor Van Dyke.

1 In what follows, subscripts are taken to have the following meanings: aw, adiabatic
wall conditions; e, conditions prior to initiation of the motion; w, conditions at the surface
of the plate after acceleration to the constant velocity U,; 0, conditions at the surface of
the plate prior to initiation of motion.
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and assuming x to be proportional to 7 and the specific heat to be constant, the
equations of motion can be written as

poaY ~ 557\ 5Y) " T

ou 0%u 0 (p—p(,%)

ool

or ~ Py = Yogy\Tp, a7

8 % (ou\t  p—pyfou\t , p(ow\® 18p O (p—p,di
aT“"an”"(a_Y) ‘”°7O“(a—y) *f”%(a*y) *;a—ﬂ“"ﬁ( Po aT)’

(7)

(6)

where v is the kinematic viscosity.

When the density is constant and also when the flow is steady in time there is
no vertical velocity, as can be seen from (1). Then from (5) the pressure is con-
stant, and the right side of both (6) and (7) vanishes. In general, however, this
is not true. But if (5), (6) and (7) are made dimensionless with (v,7')? for the
vertical co-ordinate, and (v,/T)? for the vertical velocity, it is found that the ratio
of right to left sides in all three is v,/ Uz T, the reciprocal of a Reynolds number
based on time. Thus for sufficiently large times the general problem reduces to
the incompressible one through proper transformation of co-ordinates, as is
well known in boundary-layer theory.

For times that are large, but not so large that the right sides can be com-
pletely neglected, an approximation scheme exists which makes use of the boun-
dary-layer property that viscous effects are confined to the neighbourhood of
the plate, and that a considerable extent of fluid exists further out where the
effects of viscosity are not important. Appropriate solutions are found both in
the inner and outer regions which are then matched. This procedure will also be
followed here. We consider at first the first approximation to the outer flow.

In the present problem, the outer flow is non-uniform. Since it is steady and
without vertical velocity, one finds from (6)

0%u,/0Y2=0 wu,=wY (satisfying u,=0at ¥ = 0).
Equation (7) becomes 0%, + ou\? 0
oY2 \oY)
The outer flow velocities are now taken to be so small that dissipative heating
in the outer flow is not important. Then

i, =ty+wY (satisfying i, = i, at ¥ = 0).

The stretched co-ordinate Y is related to the physical co-ordinate through this
initial enthalpy profile.

It is important to note that this outer flow is ‘inviscid’ only in the sense that
viscous and heat-conduction terms in the equations of motion vanish. It is not
necessary to postulate, as has sometimes been done, an outer flow that is rota-
tional but nevertheless somehow inviscid (because # and k, the thermal con-
ductivity, vanish outside the boundary layer!).

26-2
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3. First approximation to inner flow

Suppose first the time to be so large that the right sides of (5), (6) and (7) can
beneglected. Since (6) is then linear, the velocity distribution can be immediately

written as
u/U, = erfey+ (wY|U,), where 7 =1Y/(v,T)}. (8)

With the velocity known, (7) also becomes linear and the external enthalpy
simply can be added on. However, use is made of the Crocco integral, and this
requires additional modifications to allow for the outside flow.

Suppose there exists a generalized Crocco integral

1 = A(Y)+ Bu—}u?, 9
where B is a constant but 4 is a function of Y. If
A =i+ Jup — (w,|Uy) (1, — 5+ 3U3)  and B = (i, — 10+ 3UG)/ 0,

then it can be verified that (7) is satisfied, as long as u, is linear in Y. Thus even
with non-uniform outside flow a Crocco integral exists. Dropping the %2 term
(slow outer flow), and defining plate Mach number M in terms of the initial
velocity of sound at the plate surface, (9) can then be written, using (8), as

(/10) = L+ {(tufio) — 1+ §(y — 1) M% erfey — j(y — 1) M*(erfc7)?
—(@Y[G) (v — 1) MPerfen+ (@Y ig), (10)

where vy is the ratio of the specific heats.

These results are not quite as simple as they appear since they are expressed
in terms of the stretched co-ordinate Y. To transform back, one uses, due to
constant pressure in this approximation,

0Y[oY = polp = iftq.
From (10),

-
y:J ray

0

- Y=L g g
_Y{1+(io 1+ 3 M)[erfcn+Jﬂn(l e )

y—1 12 L 21
- MZ[(erfcn)2+%5(1—e’lerfcn)—A/;”;erf«/Qn

wYy-1 EY}‘ (11)

11 1
—— M2 ey _—_erf =
o 2 M [erfcn «/7777e + 277281‘ 77]+ 2,
Thus both the external velocity and enthalpy gradients appear in a complex
way in the velocity profile when considered in the physical co-ordinate y, although
no explicit enthalpy dependence is shown by (8). The external velocity gradient
appears in the equations coupled to the square of the Mach number; the external
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enthalpy gradient does not. It may be noted that, although the external profiles
are differently expressed in y or Y, the external gradients at the wall are the
same expressed in either co-ordinate.

It is appropriate at this point to consider in what form these gradients enter
the problem and to make more precise what is meant by their being small. Both
gradients appear as w Y /U, and @Y [¢;,. Both factors are taken to be small com-
pared to unity. Consideration of @ will be left for § 4; for the present we write

0Y|Uy = 29T (v /UET)3.

A typical value for 25 near the middle of the boundary layer will be of order
unity. The restriction to large times and small gradients will relate w Y /U, to
(vo/UET)* through a particular choice of the product @7'. If this is arbitrarily
taken to be of order unity, then in the centre of the boundary layer v YU, will
be of the same order as (v,/U3T)}. Now it is well known that effects due to the
vertical velocity, which have been neglected so far, enter as (v,/U2T)Y. The
vertical velocity itself can be calculated from (11) and the property of the
co-ordinate transformation that v = 0y/0T. There results

(/4 -1

v _ Yo b _ Y=l e L

6= iz -1+ 730 a—em)
_(yt1)M2(1—e*'lzerfCﬂ—erf\/Qﬂ)}

N2
drywy—1 1 .
+ IUO;YTM2(\/_7717@—W ﬂ—%erfn). (12)

For the particular choice of @T made, it is clear that the effects of external
gradients enter to the same order as displacement effects induced by this vertical
velocity and therefore that these must also be taken into account in a consistent
theory. This is done in the following section by first finding the effect of stream-
line displacement on the outer flow. The resulting pressure is used thereafter,
together with the first approximations just given above for «, v and 4, to evaluate
the neglected right sides in (6) and (7) and to solve the resulting inhomogeneous
equations for second-approximation corrections to «, v and 7.

4. Outer flow

In the outer portions of the fluid not yet reached by the diffusing viscous zone
there is, nevertheless, an effect of the plate’s motion due to the vertical velocity
calculated previously. The situation is equivalent to that of motion established
by a piston moving vertically with velocity

v = (vo/mT) [(ipfig) — 1+ 3y — D2~ )] = (v [Ty) (y — 1) M2 (13)

(obtained from (12) in the limit of large #).
This motion forms a small disturbance which will be caleulated by linearization
about the non-uniform external flow. In the outer flow the viscous terms in the
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equations of motion can be shown to be of order M2(v,/U2T) compared to the
others; the disturbance is therefore considered to be inviseid.
In equations (1) to (4), without viscous terms, put

P =pP.+P, u=’u’e+a’ v=19, p=7p,+5p i:i’e"—i'
Here p,, 4, and 7, depend on y but not on £. There results
8ﬁ 0 od . ou,
at (pe ) 0 pc(at +v_a?/_) —0,

P00 0D (Bi_i_ 8@) op _
ot Toy o Te\at ' Toy) T ot

= 0.

From these equations it is possible to obtain after some manipulation

0% ,0%W

P a882 0,

where a, is the velocity of sound in the initial flow. Thus an acoustic equation
results for #, with a variable velocity of propagation arising from the non-
uniform outside enthalpy. The non-uniform outside velocity does not affect this
phase of the problem.

Recalling that 4, is linear in the transformed variable Y, whereas the present
considerations refer to the physical co-ordinate y, there results for the per-
turbation velocity the equation

0% ( 1 2_@_/)’3 0%

—aj @é =Y, (14)

= —
oz 0 0

where q, is the velocity of sound at the plate.
Introducing the transformations

20y (1 3w,b’)

1
5, 2 i,

<
I

3wh\}
1422
o) ( * 2 4 ) ¢
equation (14) becomes
g_a[00_ 1T g 1 g
oz~ "5 16 2 (L+30pfi)?]
The last term on the left of (15) represents dispersion of a travelling wave which
can be thought of as due to reflexions arising in the non-uniform medium. With
a postertort justification for a sufficiently small external enthalpy gradient, this
term will be neglected.
Then a solution of (15) is an outgoing wave of arbitrary wave form

¢ = flt— (Blag)};

which after transforming back and dropping terms of order (wy/i,)? gives, as

a solution to (14), Ty oy
5 wy —a-1 _Zd
o= (1 Gl-aro (- 5F))-

(15)
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This wave is travelling, unmodified in shape, along a curved ray with changing
amplitude. The function f is determined at ¥ = 0 from (13). There results

7= (1+%}){[?—w—1+y—;—1M2(\/2—1)]

?
Ox v [mlt—azty 1_%?/ é—%g(y—-l)M“’ . (186)
0. 0

Once f has been determined, it is found after some manipulation that the ratio
of the neglected term in (15) to the second term on the left is, neglecting terms

of order (@y/i,)? and v,/ U3¢,
BN CION A |
EREARA ) agt] ”

Thus dispersion and resulting distortion in wave shape assume importance only

in regions away from the wave-front, but even for the largest departure, y = 0,

the effect is negligible if (@ayt/iy)? is sufficiently small. (Wayt/i)* < 1 therefore

will be taken as a measure of the smallness of the external enthalpy gradient,

so far undefined. Obviously, if (@a,t/iy)? is small, then (@y/7y)? is even smaller.
The combined limitations then lead to the dual restrictions that

BIUL < 8 < a3, ot = O(L).

As an interesting aside, it may be mentioned that an external enthalpy varying
as the fourth power of y leads rigorously to distortionless propagation.
Once # is known, § may be obtained from the relation

0pfet = — yp,05/0y.
There results

P Gagt WY\ [y y—1 N o\
ey | Betel MiThat A N ICONNS DT ANy TN 2N 2|¢ _ g1 Y
e G e e L A G |

Ny s 1_ 9%t _ Oy 1

Sy -1 M (:-F-2). an

This is the second approximation to the pressure in the outer flow. It contains
contributions from both the external velocity and enthalpy gradients. Since this
pressure is ultimately to be used in the approximate evaluation of the right-
hand terms in (6) and (7) in the boundary layer, the pressure in the boundary
layer is needed. It turns out that since the inhomogeneous terms are needed only
to order (vy/UZT)%, the pressure in the boundary layer is required correct only
to this order and is simply

P—po [l y—1._, Vo ‘1’( _anT)
g o) (-55) 0w

Thus, to the order carried in this analysis and for the given restrictions on
time and external gradients, the induced pressure in the boundary layer consists
of two terms, only one of which contains the external enthalpy gradient. This
may be called the vorticity-induced pressure. The other term agrees with that
obtained by Van Dyke (1952) and may be called the conventional displacement
induced pressure.
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5. Second approximation to inner flow

The correction to the velocity (equation (8)) and enthalpy (equation (10)) due
to boundary-layer displacement is now obtained as follows.

Let w = u, + Au, where u, is given by (8), and Aw is a small correction. Sub-
stitute this into (6), with the term on the right calculated from u, and the pressure
from (18). This leads to an inhomogeneous heat-conduction equation for Au
whose solution is found to be

Au i, y=1 . 1 29M (v, %( waOT)
o [t e () (-5 e 09

Similarly, let 7 = ¢, + A¢, where 7, is given by (10). Following the same procedure
with (7), with the term on the right calculated from u,, ,, the pressure from (18),
v from (12), p from p = pyi,/?y, and Au from (19), leads to an inhomogeneous
heat-conduction equation for A¢ whose solution eventually is found to be

Ar [, 5 H
T = [ -] o-n ()
><{[1—E.E’e“”z+(%.’—”—l+y—:—lM2)erfc17—-}:JMZ(erfCﬂ)Z]
I % 2
wa, T 2y 2 v—1 2y 1
x[1—-—=2 ] [ M2yeerf +( 1—————M2)———— e"iz]
B R g
x[l—wa‘? ]+(y—I)A/~M2e"72fﬂe’iaerfe\/27]d7]
62, 0

E

+ [\/2ﬂ7]erfc\/217 Jll2 Jﬂnerfcn( y—;«Mz)
Y— 2 —p2 —y2 9
+—7T—M e (l—e ’7)]}. (20)

Both the velocity correction, (19), and the enthalpy correction, (20), vanish at
the wall. Far from the wall the condition is satisfied that inner and outer flow
match.

These corrections, as pointed out earlier, are of the same order as the external
gradient terms in equations (8) and (10). They are expressed in terms of the
density-transformed co-ordinate Y, since 7 = §¥/(v,7T)}. Since the results must
eventually be expressed in terms of the physical co-ordinate y, it is necessary to
correct the transformation equation (11) as well.

Let p = p, +Ap, where p, = p,t,/i; and Ap is a small correction. Making use
of the equation of state we can write

¥p
v=[ ay - oy
0P
where y, satisfies (11) and

.
sy = (5-F)ar.

0\% Po
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Aifi,yis given by (20), and Ap/p, is the pressure disturbance from (18). Evaluation
of the integral finally leads to

Ay _ [Z:_w_1+7—;—1M2(«/2“1)] (Y—I)M(J—'ﬂ—)%

Y = |3, 7T
X {[ yi . 7 (erfe p)? (j’:— 1 +y—;1M2) erfc 17] [l —EZEOT]
) S ) = )
1—e 7 @a,T Mzeerfy

- er-n - (47‘3)]@ ol [ey-n-Tes iy - o)

Mzerf«/fh] y—l)M2[erf17f’7 3 lfﬂ 2 ]
——— ererfe./2ydy— - | ererfes/2nerfyd
I «/;, 72 77 . J2rdn— | 27 erfydy

wa ° 27 yerfe "7]-‘M2 myerfc y—le
7 merfor( 5 +"

+7_;M26—v2<1—e—v2)]}. (21)

It remains to correct the vertical velocity, (12). This is again obtained from
v = dy/oT. Making use of (21), which together with (11) now gives y correctly
to the required order, the correction is easily obtained. For simplicity, we give
only the vertical velocity correction at the boundary-layer edge. This additional
term, to be added to (13), is

I e )
=7 = 14— M2 2-—-1
(Uo y—>o %o W

Vo i waoT w=-VDywl. i, 6 .
{UzTM«/T’( 2 )+ 12 Uty 3@0+7T =hH

,JJO

«/ 2 are 47 y-1 2 <
~(1y—9)¥= 32—~ y_l —-—1——2—M . (22)
This completes the second approximation to the inner flow for constant wall
enthalpy.

6. Insulated wall

The analysis so far has been entirely concerned with the case of constant wall
enthalpy 4,,. We consider in this section the consequences of insulating the wall.

For this case it is required that (0:/0Y),, = 0, and it is easily verified that this
is satisfied for the first three terms on the right of (10) if

infio = 14+ y—1) M2,

This is then the first-order adiabatic wall temperature. Some difficulty is en-
countered, however, with the second-order terms due to external gradients in
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(10) and in the displacement terms from (20). These terms are found to contribute
to wall heat transfer, and this can be turned off only by adding an appropriate
solution of the homogeneous heat conduction equation for Ai. When this is done,
it is found that the part of the displacement term which remains in a uniform
external flow decays only as 1/n for large 7. Since boundary-layer effects should
decay exponentially, another solution is required which, when added, cancels
this slow decay. This solution contains In (U?7T/v,). After considerable mani-
pulation there finally results, for velocity and enthalpy distributions,

% 0Y s ve \! wa,T\ .,
A = erfey + — Uo ('y-l)MJ ( U2T) (1— 6, )ne 7, (23)

%: 1+('y—1)lll2erfc77—(—}’—;—L)M?(erfcn)2

0

a5 s 55

{ E

[
B 5] 175 o)
0

L T (erfe,/2n—erfen) —(y—1) MzA/ ‘ﬂf e (erfe /27 — erfe i) dy

2
() -o- T )] e

Equation (23), when v = @ = 0, is identical to that obtalned by Van Dyke
(1952). In equation (24) it is to be noted that the external-enthalpy-gradient
term not connected with displacement is no longer additive. As was the case for
constant wall enthalpy, the displacement-induced term contains contributions
from this gradient. Further, in that part of the solution which remains with
uniform external flow only the first and fourth displacement terms of (24) appear
in Van Dyke (1952). This discrepancy can be traced to the neglect by Van Dyke
of first-order density variations in obtaining the inhomogeneous term in (7).

The constant C appearing in the last term of (24) cannot be determined within
the framework of the solution. Its occurrence is not related to the existence of
initial external gradients. Second-order displacement corrections for y and v
also will be indeterminate, and they have not been calculated for the insulated
case. The non-uniqueness of the solution is analogous to the situation which
arises when determining higher-order corrections in the incompressible flow over
a semi-infinite flat plate, as described by Van Dyke (1960). An important differ-
ence is that the logarithmic term is necessary in the present degree of approxima-
tion, whereas for the flat-plate boundary layer it does not occur until the next.
It is of interest to note that in the Rayleigh problem of Hanin (1960) no log-
arithmic term is encountered due to his linearization. This restricts his solution
to low Mach numbers such that terms equivalent to M2-terms inside the braces
of (24) are ignored, and it is just this kind of term which contains the logarithmic
contribution.

y—1 Mzerfcn-——Mz(erfcn) ] [
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7. Results and discussion

Having obtained consistent expressions for both « and ¢, we are now ready to
compute both skin friction and heat transfer at the wall.
For the skin friction coefficient C; write

0= e, = U _ 2 2. 200T0)
710002 1peU3 T Uy \py 0Y /40

where 7, is the wall shearing stress. From (8), (18) and (19) there results

\E 2 2 )
_ Vo v 2y i, o Y=1.., o 9
G 2(7TU(2)T) Tz Y3y, [@0 1+ X a2 1] (25)

This expression is equally valid for the heat-transfer case and for the insulated
wall with first-order adiabatic wall temperature. The first term on the right in
(25) is the classical constant-density result; it is uninfluenced by Mach number
or wall enthalpy because of the assumption that x is proportional to 7, as also
pointed out by Van Dyke. The second term is a simply additive contribution of
the external shear which increases wall friction if the external shear has the same
sign as that near the wall ( < 0). The third term is an interaction term which
can either increase or decrease skin friction. For i,/¢, = 1 an increase results
for an outwardly decreasing external enthalpy. For vanishing

(ipfto) = 1+ 3(y — 1) M¥J2-1)

this interaction term disappears. Throughout, displacement effects for constant
wall enthalpy have entered multiplied by this factor. It first appears in (13) and
subsequently in all displacement-induced terms. These thus all vanish when

iufiy = 1= Hy—1) M2(y2-1).

With this wall enthalpy and a uniform external flow, the vertical velocity at the
boundary-layer edge vanishes to both first and second order. For a colder wall
this induced velocity will be negative. Equation (25) is correct to order vo/U3T.
Terms involving displacement interaction in a uniform external flow are found
to cancel out in the expression for skin friction and this effect does not appear.

The same procedure is followed in evaluating wall heat-transfer. The Stanton
number is written as

o - Lo _ (keT[oy)y _ ( g ) vy (2 8(@'/@’0))
g pOUo(@w—"iaw) PoU( @aw) iaw_iw Uv() Po aY

where g, is the wall heat-transfer and i,,, is the adiabatic wall enthalpy. This, of
course, depends also on second-order effects. In fact, from (24) evaluated at
7 = 0, there results

Law 'y 1 (y—1)3 v, \% uzr 2 w(my, T2
v 1 2 5 0 _ 0 _“ 0 _ P]
o M+ 27 o ( UzT) [O ln( Vo ) m U =1

+%6(m;2fl’)i{l (7—4{/);M2[1 il Mz(l__«/Q__l):l} (26)
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As an analogue to the blunt-body boundary layer consider w < 0, w < 0.
With external shear of the same sign as the shear near the wall, the insulated
wall is made hotter. With external enthalpy decreasing outward the wall is
made cooler for small M, hotter for large M. The conventional displacement
effect on the adiabatic wall enthalpy is indeterminate, but it can be seen that the
effect enters as M5(v,/U3T)}, a surprisingly fast variation with Mach number.
The corresponding parameter, as obtained by Van Dyke (1952), contains M3,
Thus the use of constant first-order density previously mentioned eventually
leads to a missing factor of the square of the Mach number in the adiabatic wall
enthalpy.

Since 4,,, contains an undetermined constant it is convenient to use the first-
order adiabatic wall enthalpy in the definition of (). Then, from (10), (20)
and (18),

o vo \E{, , o(m,T) (y—1)M2 @(mv, T)}
r (”U?)T) {1+ Uy  (ipfig)—1—3(y—1) T i

1) M2
7_1 /l:w 7'—1 \/2 —1)+u
T (e g ) (14 O e

_(6—3ﬂ)(7—1)+47{%:_1})_1] [zo l_l_Mz] +(7—1)M(

3m(y—1)
b 7 iwflo) — 1 —3(y—1) M3(J2+1)
x Lo 2= )] (Gfio)— 1 — 3y —1) I } - @7

The last term in the numerator of the expression involving the initial enthalpy
gradient is a simply additive contribution from the initial heat transfer. For

iw/io =1,

Ch:( ) ) {1+(72 )M3( Vo )1}_2((,(7”,031_)%

3
i)

nU3T nU3T O
_25(”;°T)%[7;1(«/2—1)(1+L‘/0)—— Mz) (y»-i)Mé]}'

If the wall enthalpy is maintained at the first-order adiabatic wall enthalpy or
less, then with negative external gradients the velocity gradient increases heat
transfer. Heat transfer is increased by the enthalpy gradient at large M and
decreased for small M. The conventional displacement effect can either increase
or decrease wall heat transfer. For ¢,/7; = 1 an increase results. For

Gpfllo = 1—4{y —=1) M*(+2-1),

there is no contribution at all. It can also be readily shown from (25) and (27)
that considerable reductions in both vorticity and conventional displacement
interaction occur for a cold wall (¢,,/i, = 0) compared to a hot wall

(Gwllo = 143y —1) M?).

We may at this point compare results with steady, two-dimensional flow over
a semi-infinite flat plate. In the latter case weak interaction theory with uniform
external flow shows that the effect of boundary-layer displacement increases
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Figure 2. Velocity profiles for various wall enthalpies, fixed time,
M =3, (v,/UsT)t = 0-01; —.—, initial profile.
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Ficure 3. Enthalpy profiles for various wall enthalpies, fixed time,
M =3, (v,/U3T) = 0-01; —.—, initial profile.
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skin friction but does not influence heat transfer. This is just the opposite from
what is found here with uniform flow (see equations (25) and (27) withw = & = 0).
Thus higher-order effects can be quite different in various apparently related
cases. This has also just been seen in the nature of the conventional displacement
effect for contant wall enthalpy and the insulated Rayleigh plate. Comparison
with the effects of the external gradients obtained by Maslen (1962) for the flat
plate again shows different and much more complex behaviour in the latter case.

Finally, some velocity and enthalpy profiles are presented as a function of the
normalized physical co-ordinates y/2(v,T)*. For the insulated wall, the in-
determinacy in the solution prevents display of any profiles. For the heat-
transfer case, M = 3 and vyw/U% = v,o/U,i, = —5x 10~ have been selected.
For illustrative purposes figures 2 and 3 show velocities and enthalpies for various
values of 7, /i, for (v,/U2T)} = 1 x 10—2. Figures 4 and 5 indicate these profiles
for 1,1, = 1-0 with various values of (vo/U2T)%. In all cases the initial profiles
are also indicated.

8. Conclusions

The impulsively moved compressible Rayleigh plate in a non-uniform initial
flow has been considered for two cases, that of constant wall enthalpy with heat
transfer and that of an insulated wall.

It is found that skin friction contains a simply additive contribution from the
initial shear and wall heat transfer contains a simply additive contribution from
initial heat transfer. However, displacement-induced effects are influenced by
the initial enthalpy gradient and this leads to interaction terms which affect
skin friction, heat transfer and adiabatic wall enthalpy. These terms can either
increase or decrease skin friction and wall heat-transfer because the induced
velocity normal to the plate can be either positive or negative depending on
surface enthalpy and Mach number. If the initial heat transfer is away from the
wall, skin friction is increased for the insulated plate. Adiabatic wall enthalpy
then decreases due to initial enthalpy gradient at low Mach number and increases
at high Mach number. It is increased by initial shear if this is of the same sign
as wall shear.

That part of the displacement-induced effect which remains with uniform
initial flow affects heat transfer but not skin friction to the order considered. This
is just the opposite of the case of weak interaction for a two-dimensional semi-
infinite flat plate. This conventional displacement can also either increase or
decrease wall heat-transfer.

The insulated case and the constant wall enthalpy case differ principally in
that a logarithmic term in Reynolds number (based on time) enters into con-
ventional displacement for the insulated problem but not for the other. This
term is accompanied by an undetermined constant which makes the adiabatic
wall enthalpy indeterminate.

The author is grateful to Dr S. H. Maslen for innumerable discussions.
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